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Abstract
A conjecture – the modified super-additivity inequality of relative entropy – was proposed in
[1]: There exist three unitary operators UA ∈ U (HA) , UB ∈ U (HB), and UAB ∈ U (HA ⊗HB)
such that
S(UABρABU†AB||σAB) > S(UAρAU†A||σA) + S(UBρBU†B||σB),
where the reference state σ is required to be full-ranked. A numerical study on the conjectured
inequality is conducted in this note. The results obtained indicate that the modified super-
additivity inequality of relative entropy seems to hold for all qubit pairs.
1 Introduction
Rau derived in [2] a wrong monotonicity property of relative entropy, and based on this false
inequality he obtained the super-additivity inequality – a much stronger monotonicity – of relative
entropy:
S(ρAB||σAB) > S(ρA||σA) + S(ρB||σB),
where ρAB and σAB are bipartite states on HA ⊗HB. A simple counterexample [1] was provided
to show that the above inequality is not correct. Moreover, it is conjectured that, there exist three
unitary operators UA ∈ U (HA) , UB ∈ U (HB), and UAB ∈ U (HA ⊗HB) such that
S(UABρABU†AB||σAB) > S(UAρAU†A||σA) + S(UBρBU†B||σB), (1.1)
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where the reference state σ is required to be full-ranked.
A numerical study on the conjectured inequality is conducted in this note. The results ob-
tained indicate that the modified super-additivity inequality of relative entropy seems to hold for
all qubit pairs. An attempt is made to give some potential applications in quantum information
theory.
Before proceeding, we need to fix some notations. If the column vectors
p = [p1, . . . , pd]T ∈ Rd, q = [q1, . . . , qd]T ∈ Rd
are two probability distributions, the Shannon entropy of p is defined by
H(p) def= −
d
∑
i=1
pi log2 pi,
where x log2 x := 0 if x = 0, and the relative entropy of p and q is defined by
H(p||q) def=
d
∑
i=1
pi(log2 pi − log2 qi).
Let D (Hd) denote the set of all density matrices ρ on a d-dimensional Hilbert space H. The von
Neumann entropy S(ρ) of ρ is defined by
S(ρ) def= −Tr (ρ log ρ) .
In fact, this definition can be equivalently described as follows: if we denote the vector consisting
of eigenvalues of ρ by λ(ρ) = [λ1(ρ), . . . ,λd(ρ)]T, then we have
S(ρ) = H(λ(ρ)) = H(λ↓(ρ)),
where we write λ↓(ρ) for a vector with components being the same as λ(ρ) and arranged in
non-increasing order, i.e.
λ↓(ρ) = [λ↓1(ρ), . . . ,λ
↓
d(ρ)]
T (λ↓1(ρ) > · · · > λ↓d(ρ)).
However, λ↑(ρ) stands for the vector with eigenvalues of ρ arranged in increasing order. The
relative entropy of two mixed states ρ and σ is defined by
S(ρ||σ) def=
{
Tr (ρ(log ρ− log σ)) , if supp(ρ) ⊆ supp(σ),
+∞, otherwise.
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2 Technical lemmas
The so-called quantum marginal problem, i.e. the existence of mixed states ρAB two (or multi-)
component system HAB = HA ⊗ HB with reduced density matrices ρA, ρB and given spectra
λAB,λA,λB, is discussed in the literature, and a complete solution of this problem in terms of
linear inequalities on the spectra is given in the following proposition.
Proposition 2.1 (Klyachko, [3]). Assume that there is a bipartite system AB, described by Hilbert space
HAB = HA ⊗HB. All constraints on spectra λ↓(ρX) = λX(X = A, B, AB), arranged in non-increasing
order, are given by the following linear inequalities:
m
∑
i=1
aiλAα(i) +
n
∑
j=1
bjλBβ(j) 6
mn
∑
k=1
(a + b)↓kλ
AB
γ(k), (2.1)
where a : a1 > a2 > · · · > am, b : b1 > b2 > · · · > bn with ∑mi=1 ai = ∑nj=1 bj = 0 are "test spectra", the
spectrum (a+ b)↓ consists of numbers ai + bj arranged in non-increasing order, and α ∈ Sm, β ∈ Sn,γ ∈
Smn are permutations subject to a topological condition cγαβ(a, b) 6= 0, where the meaning of cγαβ can be
found in [3].
In particular, for the simplest quantum multipartite system, i.e. two-qubit system, there is a
nice solution for the quantum marginal problem:
Proposition 2.2 (Bravyi, [4]). Mixed two-qubit state ρAB with spectrum λ1 > λ2 > λ3 > λ4 > 0 and
margins ρA, ρB exists if and only if minimal eigenvalues λA,λB of the margins satisfy inequalities
min(λA,λB) > λ3 + λ4,
λA + λB > λ2 + λ3 + 2λ4,
|λA − λB | 6 min(λ1 − λ3,λ2 − λ4).
(2.2)
The following result attempts to give a possibility to corrected version of superadditivity
inequality. Here we give another proof in terms of matrix analysis language.
Proposition 2.3 (Zhang, [5]). For given two quantum states ρ, σ ∈ D (Hd), where σ is invertible, it
holds that
min
U∈U(Hd)
S(UρU†||σ) = H(λ↓(ρ)||λ↓(σ)), (2.3)
max
U∈U(Hd)
S(UρU†||σ) = H(λ↓(ρ)||λ↑(σ)), (2.4)
where λ↑j (σ) stands for the eigenvalues arranged in increasing order. U (Hd) denotes the set of all unitary
operators on Hd. Moreover, the set {S(UρU†||σ) : U ∈ U (Hd)} is identical to an interval:{
S(UρU†||σ) : U ∈ U (Hd)
}
=
[
H(λ↓(ρ)||λ↓(σ)), H(λ↓(ρ)||λ↑(σ))
]
.
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Proof. Apparently, the unitary orbit Uρ of ρ is a compact set. Moreover, every differentiable
curve through ρ can be represented locally as exp(tK)ρ exp(−tK) for some skew-Hermitian K,
i.e. K† = −K. The derivative of this curve at t = 0 is [K, ρ] := Kρ− ρK [6].
Let f (U) := S(UρU†||σ) be defined over the unitary group U (Hd). Clearly
f (U) = −S(ρ)− Tr
(
UρU† log σ
)
.
Since the unitary group U (Hd) is a path-connected and compact space [7], it suffices to show
that f (U) is a continuous function.
Let Ut = exp(tK) for an arbitrary skew-Hermitian K. Thus
d f (Ut)
dt
= Tr
(
UtρU†t [K, log σ]
)
, (2.5)
implying
d f (Ut)
dt
|t=0 = Tr (ρ[K, log σ]) ,
which means that f (U) is continuous over U (Hd).
Without loss of generality, we assume that U0 ∈ U (Hd) is the extreme point of f . Consider
an arbitrary differentiable path {exp(tK)U0} through U0 in U (Hd) for arbitrary skew-Hermitian
K, it follows that
d f (exp(tK)U0)
dt
∣∣
t=0 = Tr
(
U0ρU†0 [K, log σ]
)
= Tr
(
K[log σ, U0ρU†0 ]
)
= 0.
Thus, by the arbitrariness of K, we have [log σ, U0ρU†0 ] = 0. That is [σ, U0ρU
†
0 ] = 0. By the
rearrangement inequality in mathematics, the desired conclusion is obtained.
In fact, partial results in the above proposition has already been reported in [1]. It was
employed to study a modified version of super-additivity inequality of relative entropy.
The above theorem also gives rise to the following inequality:
H(λ↓(ρ)||λ↓(σ)) 6 S(ρ||σ) 6 H(λ↓(ρ)||λ↑(σ)). (2.6)
If we denote 4S = S(ρAB||σAB)− S(ρA||σA)− S(ρB||σB), then we have the following inequal-
ity:
∆¯ 6 4S 6 ∆, (2.7)
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where
∆¯ def= H(λ↓(ρAB)||λ↓(σAB))−H(λ↓(ρA)||λ↑(σA))−H(λ↓(ρB)||λ↑(σB)). (2.8)
In order to study the sign of 4S, we now propose to study the following four differences:
∆min
def
= H(λ↓(ρAB)||λ↓(σAB))−H(λ↓(ρA)||λ↓(σA))−H(λ↓(ρB)||λ↓(σB)), (2.9)
∆max
def
= H(λ↓(ρAB)||λ↑(σAB))−H(λ↓(ρA)||λ↑(σA))−H(λ↓(ρB)||λ↑(σB)), (2.10)
∆mix
def
= H(λ↓(ρAB)||λ↑(σAB))−H(λ↓(ρA)||λ↑(σA))−H(λ↓(ρB)||λ↓(σB)), (2.11)
∆ def= H(λ↓(ρAB)||λ↑(σAB))−H(λ↓(ρA)||λ↓(σA))−H(λ↓(ρB)||λ↓(σB)). (2.12)
An observation is made here:
∆¯ 6 ∆min, ∆¯ 6 ∆max 6 ∆mix 6 ∆.
It can be seen that we can choose suitable qubit pair (ρAB, σAB) to ensure that 4S can take
arbitrary values in the interval [∆¯,∆], which is guaranteed by Proposition 2.3.
In fact, by Proposition 2.3, if we can show that at least one of the above-mentioned four
quantities is nonnegative, then our conjectured inequality is correct.
Analytical proof concerning the above inequalities are expected. Proving these seems to be
very difficult. Thus we turn to another method – a numerical study in lower dimensions.
Consider a two-qubit pair ρAB, σAB. Let λ↓(ρAB) = [λ1,λ2,λ3,λ4] with λ1 > λ2 > λ3 > λ4 > 0
and ∑j λj = 1; λ↓(σAB) = [µ1, µ2, µ3, µ4] with µ1 > µ2 > µ3 > µ4 > 0 and ∑j µj = 1. Then the
corresponding eigenvalue vectors of their reduced density matrices, i.e. margins, are λ↓(ρX) =
[1− λX,λX]T with λX ∈ [0, 12 ]. Similarly, λ↓(σX) = [1− µX, µX]T with µX ∈ (0, 12 ]. Note that
X = A, B in the above formulations.
In what follows, we make a numerical study of each quantity defined by Eq. (2.9)–Eq. (2.12)
under the constraints (2.2) for a two-qubit pair ρAB and σAB.
3 Numerical study
In this section, we investigate the numerical performance of the modified superadditivity in-
equality of the relative entropy to verify the correctness of our conjecture. Our tests were con-
ducted using Matlab R2010b, and the random data were generated by the function "rand" in
Matlab.
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We test two scenarios with respect to one thousand and one million groups of random data
for each quantity defined by Eq. (2.9)–Eq. (2.12). The corresponding plots are listed in Fig. 1–
Fig. 4. Obviously, from Fig. 1, we can see that the difference ∆min defined by Eq. (2.9) is less
than zero in many cases. Note that in Fig. 2, there is only one negative value of ∆max for the
one thousand scenario, and a very small number of points are located below the X-axis for the
second scenario. However, from Fig. 3 and Fig. 4, it is clear that all the differences ∆mix and
∆, respectively, defined by Eq. (2.11) and Eq. (2.12) are greater than zero, which supports our
conjecture.
Therefore analytical proof for the following two inequalities are expected:
H(λ↓(ρAB)||λ↑(σAB)) > H(λ↓(ρA)||λ↑(σA)) +H(λ↓(ρB)||λ↓(σB)), (3.1)
H(λ↓(ρAB)||λ↑(σAB)) > H(λ↓(ρA)||λ↓(σA)) +H(λ↓(ρB)||λ↓(σB)). (3.2)
In fact, if Eq. (3.1) holds, then Eq. (3.2) a fortiori holds. Based on these numerical studies, we can
make a bold conjecture:
Conjecture 3.1. S(UA ⊗UBρABU†A ⊗U†B||σAB) > S(UAρAU†A||σA) + S(UBρBU†B||σB) for some uni-
taries UX ∈ U (HX), where X = A, B.
We give a little remark on the above conjecture. To prove it, we need to characterize local
unitary equivalence between two bipartite states. We say that ρAB is local unitary equivalent to
ρ′AB if there exist unitaries UX ∈ U (HX) (X = A, B) such that
ρ′AB = (UA ⊗UB)ρAB(UA ⊗UB)†.
Along with this line, the readers, for instance, can be referred to [8].
4 Conclusion
In this context, we conducted numerical studies on the modified super-additivity of relative
entropy. These data strongly support the following inequality: for qubit pair (ρAB, σAB),
H(λ↓(ρAB)||λ↑(σAB)) > H(λ↓(ρA)||λ↓(σA)) +H(λ↓(ρB)||λ↓(σB)). (4.1)
We guess the conjectured inequality hold for a general qudit pair (ρAB, σAB).
Our numerical studies show that the super-additivity inequality of relative entropy is indeed
not valid globally even for full-ranked states:
S(ρAB||σAB)  S(ρA||σA) + S(ρB||σB).
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Figure 1: Two scenarios with respect to one thousand (the left one) and one million (the right
one) groups of random data for testing ∆min.
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Figure 2: Two scenarios with respect to one thousand (the left one) and one million (the right
one) groups of random data for testing ∆max.
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Figure 3: Two scenarios with respect to one thousand (the left one) and one million (the right
one) groups of random data for testing ∆mix.
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Figure 4: Two scenarios with respect to one thousand (the left one) and one million (the right
one) groups of random data for testing ∆.
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In the future research, we will consider the following constrained optimization problems
under local unitary transformations:
max
UA∈U(HA),UB∈U(HB)
S(UA ⊗UBρABU†A ⊗U†B||σAB), (4.2)
min
UA∈U(HA),UB∈U(HB)
S(UA ⊗UBρABU†A ⊗U†B||σAB). (4.3)
Along this line, some investigations has already been done, for instance, Gharibian in [9] pro-
posed a measure of nonclassical correlations in bipartite quantum states based on local unitary
operations; Giampaolo et. al in [10] derived the exact relation between the global state change
induced by local unitary evolutions (in particular being generated by a local Hamiltonian) and
the amount of quantum correlations; moreover they showed that only those composite quantum
systems possessing non-vanishing quantum correlations have the property that any nontrivial
local unitary evolution changes their global state. The proposed optimization problems are the
subject of ongoing investigations and we hope to report on them in the future.
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